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Abstract 

We review some aspects of biaxially symmetric solutions to Vasiliev's equations in four dimensional 
spacetime with negative cosmological constant. The solutions, which activate bosonic fields of all 
spins, are constructed using gauge functions, projectors and deformed oscillators. The deformation 
parameters, which are formally gauge invariant, are related to generalized electric and magnetic charges 
in asymptotic weak-field regions. Alternatively, the solutions can be characterized in a dual fashion 
using zero-form charges which are higher-spin Casimir invariants built from combinations of curvatures 
and all their derivatives that are constant on shell and well-defined everywhere. 
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1 Introduction 

Vasiliev's equations [3, 4] (see [5, 6, 8, 9] for reviews) provide a classical description of a large class 
of higher-spin gravities: these are generally covariant gauge theories with (anti-)de Sitter vacua and 
perturbative spectra consisting of massless symmetric tensors and tensor-spinors of all possible ranks 
forming unirreps of underlying non-abelian higher-spin algebras. Vasiliev's framework for higher-spin 
gravities, which at present is the only known fully non-linear such framework, exhibits a level of com- 
plexity in between gravity and string field theory: the spectra and algebras are given by direct-product 
squares of singletons [13, 7], that is, conformal fields on the spacetime boundary. For suitable gauge 
algebras, field contents and couplings, these models are thus candidates for consistent truncations of 
string field theory in tensionless limit in the presence of a finite cosmological constant down to the 
first Regge trajectory, and by now there is indeed strong evidence that such models correspond holo- 
graphically to weakly-coupled boundary theories, or rather, truncations thereof down to the sector of 
bilinear composites. Vasiliev's theory thus opens windows to the AdS/CFT correspondence, so far 
explored in both four [14, 15] and three bulk dimensions [16, 17] (see more references in [17]), in the 
weak/weak coupling regimes, which has triggered the recent increase of interest in higher-spin gravity. 

The aim of this brief review is to present some exact classical solutions that go beyond the 
aforementioned perturbative results. The study of classical solutions facilitates the understanding of 
a number of interesting aspects of the theory: first, Vasiliev's equations are given in terms of locally 
defined fields living on charts, whereas a globally defined formulation must take into account a (choice 
of) structure group containing the transition functions used to glue together such field configurations 
across chart boundaries, as well as conditions on the fields at the boundary of the base manifold. 
Both of these data in general require a splitting of the one-form connection and its gauge parameters 
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into a Yang-Mills- like subsector and a frame-like one containing a generalized soldering form [34]. 
Both of them can be used to construct observables, but of different geometric meaning. Second, 
given such geometric formulation, it can be used to construct super-selection sectors of the moduli 
space perturbatively as well as non-perturbatively [1]. Finally, as HS gravity exhibits rather special 
integrability properties, one may hope to actually be able to eventually provide an exact description 
of a classical moduli space with observables that can be (deformation-)quantized using geometric 
methods possibly along the lines of [11]. 

In this work, we shall review some recently- found classical exact solutions [1], that possess at 
least two commuting Killing vectors, in the case of Vasiliev's twistor formulation in four dimensions; 
for exact solutions in lower dimensions, see [19, 18, 20]. In higher dimensions, the on-shell projection 
cannot be solved identically by means of the twistor transform. Thus, whether one works with twistor 
[12] or vector-oscillator [4, 7, 8, 10] formulations, there remain non-trivial internal constraints to be 
solved, and so far the only known exact solutions in dimensions higher than four are the maximally- 
symmetric spacetime vacua. 

The plan of the paper is as follows: we continue by first presenting Vasiliev's equations, stressing 
their special features in the four-dimensional case. We then proceed discussing exact solutions. 

2 Bosonic Vasiliev's equations in four dimensions 

Fundamental fields and kinematics. The basic variables of Vasiliev's formulation of higher-spin 
gravity are differential forms on C, a non-commutative symplectic manifold with symplectic structure 
f2, that we shall refer to as the correspondence space. Locally, £ is the product of a phase-spacetime, 
containing the ordinary (commutative) spacetime, and internal directions, and it is endowed with an 
associative product * (containing the standard wedge-product among cotangent-space basis elements) 
and exterior derivative d obeying 

d(hg) = (df)*g + (-l) dc ^f*(dg) , (2.1) 

where / and g are differential forms on £. The differential forms take their values in a unital associative 
algebra A whose product is assumed to be contained in * as well, i.e. the differential forms are elements 
of the associative differential algebra 2 A®£1(<£), assumed to admit a hermitian conjugation operation 
obeying 

(/*?) f =$*T, (df? = d(/)t, (2.2) 

2 The elements of 0(C) are thus composite operators given by functions of local non-commutative coordinates on 
£, which can be presented via their symbols comprising the expansion coefficients with respect to different bases, that 
correspond to choices of different ordering prescriptions; for further details, see for example Appendix B in [1]. 
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The field equations admit truncations to fields valued in the subalgebra C C A, that is, to elements 
of <C®fi(<£), which is what we shall assume from now on. The correspondence space we shall be dealing 
with can be assumed to take the factorized form 



loc 

£ 9* X xyx Z (2.3) 



on local coordinate charts, where 



• 3^ and Z are two 4-dimensional real symplectic manifolds with coordinates Y a = (Y a y and 
Zg_ = (Zg)^ and with two-forms £ly = \dY—dY—C a ^ and Viz = — \dZ—dZ^-C a p, with non-trivial 
commutation relations normalized as follows: 

[Y^Yp\* = 2iC^, [Z&Zpl = -2iC^, := £q/3 ° . (2.4) 

V W 

The sp(4, M)-quartets can be split into sl(2, C)-doublets as Y- = (y a ,y a ), with y a = (y a )\ idem 
for Z— , with nontrivial commutation relations 

[y a ,yp\* = 2i£ai3 , [za,zp}* = -2ie a/3 , (2.5) 
together with their hermitian conjugates. 

• X is a spacetime manifold 3 coordinatized with x^. 

The fundamental fields are a locally-defined zero-form a locally-defined one-form A; and a 
globally-defined complex two form (J, J). These master fields obey the reality conditions 

(S,l,J,J)t = ( n ($),-A,-J,-J) . (2.6) 

In bosonic models, they also obey the projections 

7T7f(8,A) = ($,1), tt(J,J) = 7t(J,J) = (J, J), (2.7) 

where tt and tt are the involutive automorphisms defined by dir = tt d, dfr = tt d and 

Tr(x»;y a ,y«;z a ,z«) = y d ; -z a , z«) , tt(/*?) = n(f)*n(g) , (2.8) 

7f(x^y a ,r;^,^) = (x^;y a ,-r;z a ,-^) , 7r(/*£) = (2-9) 



3 This choice of £ corresponds to a truncation of a more general correspondence space locally admitting the factorization 
€ — yxZxICxi where K, is coordinatized by the outer kleinian elements k and k obeying k 2 = k 2 — 1, [k, fc]* = 
0, fct = fc, dk — and having trivial commutators with all coordinates except for {k,y a }* = 0, {k, z a }* = and their 
hermitian conjugates (see for example [5]); and £ is a universal non-commutative manifold that one may take to be T* X, 
where X is a universal commutative manifold containing spacetime coordinatized with x^. The system on T* X can be 
projected onto X (see [1] for more details), which is what we assume in this paper. 
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In minimal bosonic models, the master fields obey the stronger projections 

r($,A,J,J) = (n@),-A,-J,-J) , (2.10) 

where r is the graded anti-automorphism defined by d r = r d and 

r(/;^;^) = (x^iY^-iZ*) , r(f*g) = (-l)^r(?) * r(/) , (2.11) 

and obeying r 2 = tttt. The perturbative spectra of the bosonic and minimal bosonic models consist 
of real Fronsdal fields of integer and even-integer spins, respectively, with each spin occurring in the 
spectrum with multiplicity one. 

The automorphisms it and tt are inner and generated via the adjoint action of inner Kleinian 
operators as follows: 

tt(/) = KkfkK, 7f(/) = KkfkR, (2.12) 

Ki — K/y ~k Ki£ j Kj — Kiy ~k hvg j (2.13) 

where K y and the inner Kleinians [2], obeying 

Ky -k Ky = 1 , {^y,Va\* = , [Ky, Zq,]* = , (2-14) 

idem for k z upon exchanging y and z and for their hermitian conjugates. The inner Kleinians are 
given in Weyl order by 

Ky = 2ir5 2 (y) , k z = 2it5 2 (z) , (2.15) 

idem for Ry and R z [2] (for more details on Kleinians in various orderings, see Appendix B in [1]). 

An explicit, integral realization of the ^-product among functions of (Y, Z) oscillators (correspond- 
ing to normal-ordering with respect to the creation/annihilation operators \{y a + z a , —iy a + iz a )) is 

A * / 2 = / V (" a "° +cAfi *>/i(j/ + u, y + u- z + u, z - u)f 2 {y + v, y + v; z - v, z + v) , (2.16) 



where (u, v) and (u, v) are treated as real and independent variables. 

The factorization property (2.13), which holds in all orders, is crucial for the separation of twistor- 
space variables that we shall use in the solution Ansatze below. 

Field equations and deformed oscillators. The unfolded equations of motion of the four- 
dimensional bosonic higher-spin gravities that we shall study can be written as 

^* 2 *i38 = o, nf* (f + *j + =o, (2.17) 
nf*dj = , nfkdJ = , (2.18) 



with Yang-Mills- like curvatures F := d A + A * A and D$ := d $ + [A,$] n , where [f,g] n := / *g — 
(_l)dcg(/)deg(g)^^ 7r ^j-) £ Qr f^g£ 0(C). The interaction ambiguities J 7 and J 7 = (J 7 ) "I" are given by 

oo 

H*) = X>n+i(£*7r(8)) ($*7r($))*™*$ , (2.19) 

?1=0 

where fi n +\ are complex-valued zero-form charges obeying 

d/2n+l = , (2.20) 

as we shall describe in more detail below. Integrability requires the algebraic constraints 

J*tt($,A) = (6, A)* J, J*tt(8,A) = (<S, A) * J , (2.21) 

modulo terms that are annihilated by Q~y*. In other words, Eqs. (2.17)-(2.18) and Eq. (2.20) are 
compatible with d? = modulo Eq. (2.21), hence defining a universal (i.e. valid on any X) quasi-free 
associative differential algebra. Factoring out perturbative redefinitions of <£, the ambiguity residing 
in T reduces down to [5, 34] 

T = B*& , B = exp*(i0[$*7r($)]) , (2.22) 

oo 

0[$*tt($)] = ^0 2 n[$*vr($)] ($*4$))* n , (2.23) 

n=0 

which breaks parity except in the following two cases [15]: 

Type A model (scalar) : 9 = , P(8,A,J) = (8, A, J), (2.24) 
Type B model (pseudo-scalar) : = | , P($,A,J) = (—8, A, — J) , (2.25) 

where the parity operation is the automorphism of f2(£) defined by 

P(x^,y a ,y d ,z a ,^ d ) = {x^,y A ,y a ,-z^,-z a ) , dP = Pd. (2.26) 

The gauge transformations read 

= - [?, 6] w , <5 ? A = Be , <^J = , (2.27) 

with De := de+[A, e]*, and where ? is subject to the same kinematic conditions as A. In globally-defined 
formulations (see [1, 34] for more details), transition functions Tj' (where the indices /, I' denote charts 
and are understood in most of this paper) glue together the locally-defined configurations ($7, Aj, Jj) 
as follows: 

$/ = (f/')- 1 **/,*^;') , A/ = (r/') _1 ★ (A// + d) * f/' , h = J v . (2.28) 
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The projection implied by the ^-multiplication by £ly can be solved locally on £ by taking the 
master fields to be forms onA'xZ valued in the algebra Q\°\y) of zero-forms on y. Thus 

A = U + V , (2.29) 

where U = dx^U^x; Z;Y),V = dZWa{x; Z; Y) = dz a V a (x; Z; Y)+dz & V ' d (x; Z; Y), and the algebraic 
constraints (2.21) admit the solution 

J = — % -dz a Adz a K , J = - jdS* A dza k • (2.30) 

In order to find exact solutions, it is convenient to cast the remaining differential constraints into 
Vasiliev's original deformed-oscillator format: 

dU + U*U = 0, d8 + U*$- $ *ir(U) = 0, (2.31) 

dSa + [U,Sa\* = , (2.32) 

S a *8 + 8*7r(S Q ) = 0, i d *8 + 8*7r(l«i) = 0, (2.33) 

[S a ,Spl = -2ze a/3 (l-i?*8*£) , [Id, §4]* = -2ie d/ j(l-B*$*£) , (2.34) 

[S a ,ld]* = , (2.35) 

where we have defined d = dx^d^ and 

Sa = Z«-2iVa = (S a ,-£a) = {z* - 2iV a , -Z& + 2iF d ) . (2.36) 
The integrability of the system implies the gauge transformations 

^$ = -[e,%, StSa = -\e,Va\*, &U = de+[U,e]*. (2.37) 

Manifest Lorentz-invariance and component fields. Manifest local Lorentz covariance can be 
achieved by means of the field redefinition [5, 29, 34] 

W := U - K , K := j. (u aP M afi + u^^ &$ ) , (2.38) 

where (w a/3 , O a/3 ) is the canonical Lorentz connection, and 

M ^ ■■= M§> + mW, M. $ = M &$ + M &$ , (2.39) 

are the full Lorentz generators, consisting of the internal part 
—(o) — (°) 

M af3 '■= V(a * V0) ~ Z {a * Zfi) , ^d/3 : = V(a * Vfi ~ Z { a * Zfi , (2.40) 



rotating the Y and Z oscillators, and the external part 

— ,«~ ~ ~ — (S) 

M S } : = M A/3 :=S i& *S $) , (2.41) 



rotating the spinor indices carried by (S a ,Sa)- As a result, the master equations read 

VW + W * W + i (r a/3 M a/3 + f^M^) =0, V$ + W*6-$* tt(W?) = 
VS Q + ^*S Q -S Q *W? = 0, + W * Sa - Sa * W = 

5 Q *$ + 8*vr(5 a ) = o, I d *<£ + <i>*7f0id) = o 

[Sa.-fy]* = -2ie aj g(l -B*8*k) , [^d,^]* = -2ie d/ j(l-B*$*K) 

[£■<*, Sq.]^ = , 

where r a @ := doj a/3 + uj^uj 13 ^ and f a/3 := doj al3 + w^ujPj, and 
VW : 



dW+- 



4?; 



(0) 



1 
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V5 a := oLS a + Wa^Sfl + 



Pi 



(2.42) 
(2.43) 
(2.44) 
(2.45) 
(2.46) 

(2.47) 
(2.48) 
(2.49) 
(2.50) 



Besides their manifest local Lorentz symmetry, these equations are by construction also left invariant 
under the local shift-symmetry with parameter (<^ a/3 ,<T a/3 ) = a!x M (<^ a/3 , <r M a/3 ) acting such that 

6,{U,$,S a X) = 0, 5,{u^^) = {^,^) => S,W = -j i [f fi M aP + ^ & ^ 

(2.51) 

The canonical Lorentz connection can be embedded into the full theory by using the aforementioned 
shift-symmetry to impose 



d 2 



dy a dy< 3 



W 



= , 



d 2 



-w 



= o . 



(2.52) 



Y=Z=0 



y=z=o dy^dyl 3 
For the projection of Eqs. (2.42)— (2.46) to manifestly generally-covariant equations of motion 
for dynamical component fields in four-dimensional spacetime X4, see the Appendix D in [1]. In 
essence, after choosing a manifestly Sp(4; M) ( ji a g-invariant ordering scheme, eliminating the auxiliary 
fields related to the unfolded description on X4 and Z, and fixing suitable physical gauges (such as the 
universal twistor gauge condition z a V a = and generalized holonomic gauges on W^), there remains 
a set of dynamical fields consisting of a physical scalar field 



<f> = C := $ 



Y=Z=0 



(2.53) 



which together with the self-dual Weyl tensors C a ^s) ( s ^ 1) make up the generating function (s ^ 0) 



C :- <% =0 ,£=o , C ai 2 S ) ■- 7^ 



Q2s 



Qa 2s 



(2.54) 



y=0 



and a tower of manifestly Lorentz-covariant, symmetric and doubly-traceless tensor gauge fields, or 
Fronsdal tensors, given by (s ^ 1) 



<P u(s) := 2ie? ldl ---e"- 1 1<i - 1 - W u) 

where x M are local coordinates on X4 and 

W := W\ z=0 = (u-^.^(y a *y^ + S a ^S^ + 0^(ya*y^ + ^a*S 



Y=0 



z=o 



3 Exact Solutions 

3.1 Gauge function method and moduli space 

Equations (2.31) and (2.32) can be solved (on a chart £/) by 
where Li(X, Y, Z) is a gauge function, assumed to obey 



x=y=z=o 



and ($>', Sq) are integration constants for the zero-forms on X4 given by 

= ($,4)|x=o 
and obeying the remaining twistor-space equations 

^*$' + $'*ttO%) = 0, ^★$' + $ / *7f(^) = 
[S' a ,S' p l = -2ie a p(l-B*&*K) , = -2ie d/ j(l-B*$'*«) 

= 0. 



(2.55) 



(2.56) 



(3.1) 

(3.2) 

(3.3) 

(3.4) 
(3.5) 
(3.6) 



Given a solution to these equations, the generating functions of the Weyl tensors and of the gauge 



fields respectively take the form Ci = (Lj 1 * * 7r(Lj)) 



z=o,y=o 



and 



(3.7) 



subject to (2.52), which serves to determine (00^,00^). 

In the following (omitting again the chart index /) we shall work with Gaussian gauge functions 
with factorized form 

L(x\Y,Z) = L(x\Y) * L(x\Z) , (3.8) 
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realized as ^-exponentials of bilinears in Y— and Z-, respectively. The Y-dependent factor reconstructs 
spacetime and will be chosen such that the flat connection := L^ 1 -kdL describes AdS&. One may 
choose L to be manifestly Lorentz-covariant leading to [31, 21, 32] 

, x <c 1 ^ x . — x X(2 ^ ^3.9^ 

Weyl 

£ := (1 - /i 2 )~5 tanh -1 , /i := Vl - £ 2 . (3.10) 

The corresponding vacuum connection £1^ consists of the AdS± vierbein e^ aa = —h~ 2 (a a ) aa dx a 
and Lorentz connection W( ) a/3 = — h~ 2 (a ab ) a ^dx a Xb corresponding to presenting the metric in stere- 
ographic coordinates as 4 ds 2 ^ = 4(1 — x 2 )~ 2 dx 2 . On the other hand, allowing for a non-trivial 
Z-dependent factor fixes different gauges that may be helpful for studying the nature of certain singu- 
larities arising in some solutions that we shall review here. In order to illustrate how this issue arises, 
we shall begin with the trivial choice L(x\Z) =1 

A particular class of solutions, containing the exact solutions that we shall review here, admits 
perturbative expansions 

oo oo oo 

$' = £*' (n) > 4 = E^ = ^"2*£v2 n) , (3.11) 

n=l n=0 n=0 

where (^ n) ,$' (n) ) are of the nth order in the integration constant $'(Y) = <fr'(Y, Z)\z=o, and S'^ is 
a flat connection in twistor space obeying [S'^, S'^]* = —2iC a p. 

Depending on the boundary conditions on S'^ in twistor space there are various natural ap- 
proaches to solving these equations: If the boundary conditions are chosen such that there exists a 
gauge where Va°^ = 0, one may adapt the perturbative scheme (see for example [1], Appendix D) to 
the case at hand. The solutions we shall discuss in this paper are of the form (3.11) but are obtained 
by solving the deformed oscillator problem (3.4)-(3.6) using separation of variables in y x Z space 
and the non-perturbative method of [19, 21] adapted to the present case in [1]. This method also 
encompasses non-trivial flat connections V^ '*, essentially by activating Fock-space projectors in the 
space of functions on y x Z. The resulting solutions appear naturally in gauges that differ radically 
from the aforementioned universal twistor gauge in the sense that the space of residual symmetries is 
not isomorphic to f)s(4) or its non-minimal extension, as we shall discuss below. 

The space of solutions can thus be coordinatized by the following moduli (for a more detailed 
discussion on (iii) and (iv), see [11, 34]): 

(i) local degrees of freedom contained in &'(Y) ; 

4 The metric remains well-defined for x 2 > 1 such that the regions x 2 < 1 and x 2 > 1 together yield a single cover of 
AcISa- For relations to global embedding coordinates and global spherically-symmetric coordinates, see Appendix A in 

[!]■ 



L = exp*(4i^ a P a ) 



2h 
TTh 



exp ■ 



Mx a P a 
1 + h 
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(ii) boundary degrees of freedom contained in Lj\q£ where d£ in particular contains the boundary 
of its four-dimensional spacetime sub-manifold ; 

(hi) monodromies and projectors contained in flat connections V'^ on Zxy and cK°) on T*X ; 

(iv) windings contained in the transition functions Tf between charts of the correspondence space . 

In what follows, we shall mainly activate (i), (ii) and to some extent (hi), while we shall briefly 
discuss the possibility (iv) that more than one chart is required in reference to one particular family 
of solutions. 

3.2 Solutions with spherical, cylindrical and biaxial symmetry 

Six infinite families of exact solutions admitting at least two commuting Killing vectors have been 
found in [1] by extending the projector Ansatz used in [2] and combining it with the gauge function 
method. All of them can be obtained by solving the internal Z-space equations via the expansions 

= En^nOn*^ , (3-12) 

S' a = z a -2iJ2 n P n (Y)*(V a ) n (z) , II = z&-2i52 n P n (Y)*(V & ) n (z) , (3.13) 

where 7T 2 ((V^) n ) = — (V a ) n , Ttz((Va)n) = —(Va)m v n are a priori complex constant deformation 
parameters and P n = 7T7f(P n ) are projectors labelled by the (discrete) occupation numbers n := 
(ni,n2) and assumed to obey 

P n *P m = <5 n , m P n . (3.14) 

and to form a set that is invariant under the operations n, f and r and ^-multiplication by n y Ry, such 
that 

vr(P n ) =: P <n) , (P n )t =: P /(n) , r (P n ) =: P r(n) , (3.15) 

P n -kKyR,y =: K n P n , (3.16) 

with vr 2 (n) = I 2 (n) = r 2 (n) = n and (k„) 2 = 1. The reality conditions fix the real or imaginary 
nature of the deformation parameters (which depends on n) [1]. 

This solution space 5 forms an associative subalgebra of the ★-product algebra [1]. Defining 

(E„) n := Za-2i(Va)n, B = exp, id [8 * vr($)] =: ^P„*6 n , (3.17) 

n 

5 More generally, one can consider expansions over generalized, non-diagonal projectors P n |n' ~ l n ) ( n ' I (in this notation 
P n := P„| n ). However, the latter lie along gauge orbits that can be reached from the diagonal solutions here considered 
[1] (barring subtleties related to the admissibility of the corresponding gauge transformations) . Moreover, while one may 
also allow for Z-dependent coefficients § n (Z) for the expansion of the Weyl zero-form (3.12) and for non-holomorphic 
coefficients {Va)n(Z) in (3.13), it is possible to show perturbatively in the initial datum z/ n := <l?n|z=o that one can 
always land on the form (3.12)-(3.13) via a partial gauge fixing (see [1] for details). 
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and using the factorization property (2.13), one can show that: i) the orthogonality of projectors splits 
the internal equations (3.4)-(3.6) into separate reduced deformed oscillator problems for every n; ii) 
assuming z/ n = const and 7r z (S„) n = -(S 2 ) n solves (3.4) identically; and Hi) the holomorphicity of 
the reduced deformed oscillators (£a)n solves (3.6) identically. We are therefore left with 

[SS,5$* = -2%e aP {\ - v n B n K z ) , (3.18) 
= -2ie^(l - K n u n B n R- z ) , (3.19) 

which are defined modulo the residual holomorphic gauge transformations 

6 £n X» = 5 ln ^ = [£^ n ]*, (3.20) 

dae n = , d a e n = . (3.21) 



Reduced deformed oscillators. These equations can be solved exactly by adapting the o-product 
method of [19], later refined in [21] (see also [22]). A crucial difference with respect to the solutions 
found in those papers is that the deformation terms on the r.h.s. of (3.18)-(3.19) are distributional 
on Z 6 , admitting the limit representation 2tt5 2 (z) = lim e ^o ^e^ ta £ Wz = <jk z , where a is a sign and 
a spin- frame (in the terminology of [28], see also [1]) has been introduced (u a+ u~ = 1) in order 
to split z ± := u ±a z a , w z := z + z~, [z~ , z + ]+ = —2i. Clearly, such splitting also breaks the manifest 
SL(2; C) covariance. Correspondingly, splitting 

S£(z) = u-YT + {z) - n+S n -(z) , [E n " S n +], = -2i(l - B n u n n z ) , (3.22) 

and representing (E°(z), by the generalized Laplace transforms 

£ n± ee u ±a ^ a = Az ± ^^L_/n±(t) e -"lTT^ , (3.23) 

where (cr n ) 2 = 1 can be chosen independently for each n, one can show that (3.18) and (3.19) are 
solved provided the transforms f£^(t) obey the integral equations 

(/"- /" n + )W = S(t - 1) - , (3.24) 

where 

(h 1 oh 2 )(u) := J dt J dt' hi(t) h 2 (t') 5(tt' - u) , (3.25) 

6 Whether or not k z is singular depends on the ordering prescription one is working with. Indeed, as shown in [1], 
while singular in Weyl ordering, n z assumes a regular (gaussian) form in normal-ordering, and one can in fact solve for 
(£",£") in normal-ordering and then recast the so-obtained expressions of the deformed oscillators in Weyl ordering. 
The two procedures lead to the same result. 
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defines a commutative and associative product on the space of functions on the unit interval. Note that, 
differently from the Lorentz- invariant case [21, 22], (3.24) constrains the o-product of two functions 
and not the square of a single one, and as a consequence its solution space is parameterized by an 
undetermined function. One can show however that that the latter is a gauge artefact (i.e., can be 
completely accounted for by the residual gauge symmetry (3.20), see [1]). One natural gauge choice 
is to work with symmetric solutions 7 /+ = /~ = f a , and we shall therefore drop the ± referring to 
the spin-frame henceforth whenever not necessary. The solution in the holomorphic sector reads 



oo 



jn(t) = q n {t)-2Y J 0n,k 



k=0 



2 



a n B n v n 
qn(t) = -. 1F1 



2 ;2; ^^ l0g F 




(3.28) 



where a n € {±1} and € {0, 1}. The second term in j n (t) corresponds to the contribution of o- 
product projectors Pk°Pi = £>ikPk that activate a flat yet non-trivial part of the Z-space connection V^ a 
that survives in the limit u n — > and receives ^-dependent corrections (see [22, 1] for more details). 
Such Z-space vacua are parameterized via the discrete parameters n that therefore represent true 
independent moduli along with the continuous deformation parameters f n . Note that, independently 
of the values of n the branch-cut in (3.27) can be chosen such that the internal connection is analytic 
for Re(a n S n ^ n ) < 1, where also the particular solution can be shown to be real analytic [21]. We shall 
only examine in the following the case where all 6 n ^ = 0. Finally, we note that the singularity (both 
in the i-measure and in the exponent) in t = — 1 of the reduced deformed oscillators (3.26) is precisely 
what reproduces the delta-function-like source n z [1] from their ★-commutator. 

Projector algebras. It is possible to build the rank-one projectors P n \,nn on which the Ansatz 
(3.12)-(3.13) is based, starting from two commuting sp(4, C) elements, which we shall denote = 
I^S )y -* y -= \[w2 ±u>i), generating t) =*ao(2) (+) ©5o(2) ( _ } C sp(4;C). They obey (niGZ+i) 

Pn\ ,n 2 * ,n' 2 = ^n\n'J > nm'^ > n\,n'2 j ( w i ~ n i) * ^711,712 = > (3.29) 

and admit the Weyl-ordered integral presentation (si := ni/\rii\) 

P nm = ^.KM / *l<fl±«r*i ^H,-^ ,3.30) 

JC( ei ) 2m ( Sl _ !)»i + 2 ^( £2 ) 2VT^ _ ^ n2 +2 

= 4(_i)l«l-i e -2(««i+« ) 2) L 1 (4u; 1 )L i(4w 2 ), (3.31) 

Tli — Tin — 



711—9 n 2~ 



2 



interestingly, the transformation to the most-asymmetric gauge choice, in which one sets, say, f~ = 1 and hence 
/+ = 1 — gn^ngg ; a i so shows that in the latter the linear-in-^ n correction in the deformed oscillators is actually exact 
(as it happens in the gauge used in [2]). 
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where C{e,i) are small contours encircling e; L . With the exception of the (anti-) ground-state projectors 
(q = £162) P§x §2.{K( q )), which depend only on or only on and are therefore symmetric 

under the entire centralizer c g p^^(K^), these projectors depend on both and ^(-) and are 

hence ^-invariant. We therefore refer to the latter and to the solutions built on them as being biaxially 
symmetric (or axisymmetric) . In order for the exponential in (3.30) to give rise to a projector under 
★-product it is crucial that the sp(4, C) matrix satisfy 

{ K (q))a-(K(q))fh = ~ Co£ • (3.32) 

This constraint leaves, as possible choices of two such commuting generators that are inequivalent up 
to sp(4,R) rotations, the following Cartan pairs: 

(E,J), (J,iB), (iB,iP), (3.33) 

where E := Pq = Mqiq is the AdS energy, J := M\i is a spin, B := M03 is a boost and P := P\ = Mq>\ 
is a translation 8 . Each pair gives rise to two families of solutions that are distinguished by the choice 
of the Cartan generator that the ground-state projector depends on, and which we will refer to in the 
following as principal Cartan generator. The resulting six families can be therefore labelled as 

M E (E,J), Mj(E,J); Mj(J,B) , M tB (J,B); M iB (B,P), M iP (B,P) . (3.34) 

When i^(+) is principal, i.e. for the family A4x (+) (^(+),^(-)) ) the corresponding projectors have 
Cartan-eigenvalues such that |-K7+)| > 1-^7-) I > while the opposite inequality |-K7+)| < l-^(-)l holds 
when is principal. 

Each family contains a subset of solutions that possess the same symmetry under c s p^ 4 ^(K^) 
of the ground-state, i.e. one of the two so (2) symmetries enhances to either so(3) or so (2, 1). Such 
symmetry-enhanced solutions result from summing all axisymmetric projectors with fixed eigenvalue 
of the principal Cartan generator, in such a way that the dependence on the other Cartan generator 
drops out and one is left with the enhanced projectors (n = ±1, ±2, ...) 

Tn{K {q) ) = Yl ^,n 2 =4(-l)"- i f e-^Lj^S^,) (3.35) 

n 2 + qni — n 

= 2(-ir^ / P-.i^Ye-^, (3.36) 



lC(s) 2vri \r] - 1 
that only depend on the principal Cartan generator. 



We denote with Mab (A,B = 0', 0,1,2,3) the so(3, 2) generators, that admit a realization as bilinears in Y as 
Mab = — \iV AB) a fiY— -kY— (where (Tab)ci3 are Dirac's gamma matrices) and can be split into Lorentz rotations 
M a b and AdS translations P a , a,b = 0, ...,3. We refer the reader to the Appendix A in [1] for our AdS4 and spinor 
conventions. 
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Thus, for each family the Ansatz (3.12) for the Weyl zero-form corresponds to choosing functions 
on y that can be diagonalized over bases of eigenstates |n) of the Cartan pairs (aside from the 
^-multiplication with n y ). These solution spaces are coordinatized by deformation parameters f n 
representing the eigenvalues of the Weyl zero- form master field in the aforementioned bases. As 
we shall soon see, the principal Cartan generator not only determines the symmetry of the ground- 
state solution (and of the symmetry-enhanced subset of solutions), but also determines the spacetime 
behaviour of the Weyl tensors. 

It is interesting also to note that the M.e(E, J) family of solutions is based on projectors on scalar 
and spinor singleton states [32], i.e. non-polynomial elements that are enveloping-algebra realizations 
of the states of boundary conformal scalar and spinor fields. 

While the integral and non-integral presentations of the projectors given in Eqs. (3.30)-(3.31) 
and (3.35)-(3.36) are equivalent as long as ^-products among projectors with quantum numbers of 
the same sign are considered, the integral presentation ensures the orthogonality conditions in (3.29) 
(simply via a change of variable, see Appendix F in [1]) while preserving associativity also in the case 
that £\e\ = — 1 or £2^2 = ~~ 1 whereas the non-integral one gives rise to divergencies. The integral 
presentation (3.30) and (3.35) is therefore required whenever reality or kinematical conditions (such 
as the minimal model truncation) force projectors with opposite quantum numbers in the expansions 
of the master-fields. 

Weyl zero form master-field. Using the gauge function (3.8), the L-rotation of Weyl zero-form 
master field in (3.1) gets the following form: 

Q(x\Y,Z) = Y,"nPZ(Y)*Ky , (3.37) 

n 

where we use the notation P^(Y) = L~ 1 (x\Y) * P n (Y) *L(x\Y). The conjugation with L induces an 
x-dependent rotation (K^) a p{x) = [x)L^- {x){K^) a i ^ of the Cartan matrices in the exponent 
of (3.30) or (3.36) that preserves the conditions [K^ + yK^_^ = and {K^) 2 a p = —C a p. Each 
(K^) a p{x) is a complexified AdS& global symmetry parameter satisfying D^K^p = and admitting 
the SL(2, C)-decomposition [25] 



( ^ V L \ 



yielding a complexified AdS± Killing vector v^(x) = v^ a (x) and the self-dual and anti-self-dual 
components x^{x) and x^(x), respectively, of the corresponding Killing two-form k^ v := V^vfj. 
Taking the ^-product with n y and restricting our attention, for simplicity, to the symmetry- 
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enhanced projectors 9 (3.36), the resulting Weyl zero-form reads 

— / dr/ ( rj + 1 



$ = , y (-1) . , 



X 



1 

x exp <; - 
.V 



where we denote (suppressing all the other labels) x 2 := r/x a ^x a( g and where x Q l = — x a/ 3/x 2 and 



e := n/|n|. Note the dependence on the inverse square root of (x^) 2 appearing in the prefactor and in 
the exponent (through (> c h\)'^) ■ For the solutions based on 7r-odd principal Cartan generators (E and 
iP), for which the x-independent K^l matrix is off-diagonal and (x(q)) a p = 0) the ^-independent Weyl 
master zero-form has a delta-function-like behaviour in twistor space. The latter is thus softened 
by the spacetime dependence introduced via the gauge-function, and in particular ^/(x^) 2 appears 
as the parameter of a limit representation of the delta function. From (3.39) it is also clear that the 
principal Cartan generator specifies, essentially through the determinant of its upper diagonal 
block (x^) 2 , the spacetime behaviour and the singularities of every spin-s Weyl tensor. Note however 
that the singular behaviour of the individual Weyl tensors is not a higher-spin invariant statement, 
and that even a singular, delta-function-like behaviour of the master-field in some spacetime point can 
be an artefact of the chosen ordering prescription 10 (which is also a consequence of the fact that the 
fibre-space that the master-fields are valued in is infinite-dimensional). We shall later examine this 
issue at the level of certain higher-spin-invariant quantities. 

Let us now specialize (3.39) to the case of solutions based on the spherically-symmetric projectors 
V n (E). One can show that, starting from = E (i.e., = (To) a p), the rotation with the gauge 
function (3.8) gives rise to non-vanishing diagonal blocks with determinant (x L ) 2 = (x L ) 2 = — r 2 , 
where r is the radial coordinate in the AdS± spherical coordinate system. The reality conditions on 
the master fields in this case require that v n = i n fi n , where fi n £ M. For any fixed projector V n (E), 
expanding in y the Weyl zero-form and performing the auxiliary integration yields the physical scalar 
(s = 0) and an infinite tower of spherically-symmetric Type-D [27, 28] Weyl tensors of spin s ^ 1 of 
the form (up to real ra-dependent numerical factors) 

C$L) - ^(^-)a( 2s) , (3-40) 

where (u^,u~) are eigenspinors of x^ generating a spin-frame at every spacetime point where (x L ) 2 / 
(and are only dependent on the angular variables (6, <j>)) [1]. As first noted in the case n = 1 in [2], 
the spin-2 Weyl tensor coincides with that of an yld^-Schwarzschild black hole of mass fi n , which here 
appears together with infinitely many partners of all integer spins. However, examining individual 
Weyl tensors only makes sense asymptotically (i.e. for r — > oo), where they are all small and as a result 



See [1] for details of the Weyl zero-form in the axisymmetric case. 
10 See, for example, the comment in the Footnote 6. 
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fields of different spin are weakly coupled. In strong-field regions, and in particular in the proximity 
of the apparent singularity in r = 0, the higher-spin symmetry is fully realized and one should rather 
examine higher-spin invariant quantities. 

There are a few observations that one can make from (3.40). First, we note that the Weyl zero- 
form components are real for n odd (i.e. for solutions built on projectors V n (E) over combinations 
of states belonging to the scalar singleton representation) and imaginary for n even (i.e., for solutions 
based on spinor singleton projectors). On the linearized higher-spin equations in the parity preserving 
case the gauge-field curvatures are equated to the above-derived Weyl zero-form components up to an 
extra factor 6 = 1 (Type A model) or b = i (Type B model). Therefore, one can in this sense regard the 
deformation parameters of the solutions based on the scalar singleton as generalized electric charges 
(or generalized masses) in the Type A model and generalized magnetic charges (or generalized NUT 
charges) in the Type B model, and, conversely, those of the solutions based on the spinor singleton 
as magnetic-like charges in the Type A model and electric-like charges in the Type B model, and the 
two models seem to be connected via a generalized electric/magnetic duality. 

Second, any solution based on a single projector is activated by a single deformation parameter 
that switches on the entire tower of Weyl tensors of all spins (and, in fact, interestingly enough the 
Didcnko-Vasiliev solution, based on V\(E) alone, appears to be extremal [2]). On the other hand, 
building the solutions over a generic expansion in projectors opens up the possibility of diagonalizing 
<I> with respect to the spin s insted of the occupation number n, thus having different deformation 
parameters M. s in front of the spin-s Weyl tensors that are sums of the z/ n 's with spin-dependent 
coefficients obtained from the contour integration, 



where N s is an s-dependent normalization coefficient. 

While identifying M. s with a spin-s asymptotic charge may be very tempting, it is complicated 
by the fact that these solutions have been obtained in a gauge in which the one-form field-strengths 
are non-linear in v n [1]: as a consequence, the Weyl 0-form components (3.40) may differ from the 
linearized spin-s gauge-field curvatures asymptotically by non-linear lower-spin constructs that may 
give contributions of the same order in the limit r — > oo and modify the proposed asymptotic charge 
by non-linear terms is the A4 S parameters. An additional complication arises from the fact that the 
gauge we work with is not the standard, universal twistor gauge of the perturbative analysis mentioned 
at the end of Section 2 , as we shall comment more on in the next section. 

Finally, specializing (3.39) to projectors V n (J) that only depend on = J (i.e., = 

(1^12)0/3); one can check that the rotation with the gauge function (3.8) modifies the already non- 
vanishing determinant of the diagonal blocks as (x L ) 2 = (>< L ) 2 = 1 + r 2 sin 2 6, giving rise to a tower 




(3.41) 
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of Weyl 0-form components exhibiting cylindrical symmetry of the form 

~ — (^Us) ■ (3-42) 

(l + r 2 S in 2 0) — 

Note that such Weyl tensors do not blow up anywhere and do not vanish at spatial infinity (they are 
constant along the z axis, with a behaviour similar to that of the Melvin solution in General Relativity 
[36]). Moreover, since the Killing two- form is imaginary, for every fixed n the electric/magnetic type 
of the type-D Weyl tensors flips according to whether the spin is even/odd, for n odd, vicecersa for 
n even. These solutions are so(2)j © so(2, 1)e,m 3,P3 -symmetric, and are built on the spacelike AdS 
Killing vector d/dip in the same way as the spherically-symmetric ones are based on the timelike 
vector d/dt, i.e., the so(2, 1) is the stability subalgebra of d/dcp. In other words, here the roles 
of E and J are exchanged, with respect to the rotationally-invariant case, and the corresponding 
solutions are based on projectors onto combination of states belonging to non- unitary analogues of 
the (anti-)supersingleton of fixed J and vanishing energy. 

Deformed oscillators and gauge fields. We now turn to examining the spacetime-dependent 
deformed oscillators. Defining := u ±a S' a , one has 

S± : = (L)- 1 -k S f± * L = z ± -2i^P£* V± , (3.43) 

n 

where we recall that V n± denotes the second term in (3.26), which is a non-analytic function of the 
oscillators due to the singularity of both the measure and the exponent in t = — 1. As explicitly 
shown in [1], the ^-product of the latter with the L-rotated, x-dependent projector pushes such 
singular points outside the integration interval for generic values of x. In short, this happens because 
the ^-product with gives rise to a Gaussian determinant depending on that effectively shifts 
the potential singularities in the integral representation of to the zeroes of 

(t + l) 2 - ia n (t 2 - + «"«+) + (x L ) 2 (t - l) 2 

= (t + l) 2 + 2ia n e 2 e{t 2 - 1) cos 6 - 9 2 (t - l) 2 

2 



;i + ia n e 2 Q) (t + 1) - 2ia n e 2 ej + 2ie 2 6a n (t 2 - l)(cos 9 - 1) , (3.44) 

and this same shift takes place at the denominator in the exponent 11 . Above, we have denoted 
2 := — (x L ) 2 , and the factor of cos 6 (where 9 is the polar angle in spherical coordinates) enters via 
the contraction of the x-dependent eigenspinors of (x L ) Q /3 with the rigid spin-frame (u+,u~). The 
crux of the matter is that at any point x in which is real and non-vanishing the singularity in the 



llr To be precise, this is the shift after the contour-integration (entering through the projector) has been carried out. If 
one keeps the contour integral, some of the terms in (3.44) will also contain powers of the auxiliary integration variables 
(si,S2) or rj appearing in (3.30) and (3.36). See [1] for the details. 
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deformed oscillators acquires an imaginary part and is therefore pushed out of the integration domain, 
provided that 9 ^ ir/2\ This is what happens, in particular, for the spherically-symmetric solutions. 

Recalling that the singularities in the deformed oscillators are inherited by the gauge fields via 
(3.7), it is important to clarify at this point whether this singular behaviour at the equator is physical 
or not. However, the fact that it comes from a point- wise non-collinearity of two spin- frames suggests 
that it should be pure gauge. Indeed, one can modify the gauge function (3.8) as follows, 

L (K) (x\Y,Z) = L(x\Y)*L (K) (x\Z) , (3.45) 

with a non-trivial Z-dependent factor L(k) '■ 7^4 — >■ SL(2;C)/Csl(2-,c)(^ L ) (where Csl(2;<c){K L ) ls 
the centralizer of the principal Cartan generator, that we shall here simply denote as K) that aligns 
the spin-frame of Z with the spin-frame of y generated by the eigenspinors of (x L ) a (hence the 
labelling with the relevant global symmetry parameter K) 12 . Substituting L with L(k) m (3-43), one 
obtains 

Sf K) := (L^)" 1 = ~zf K) -2iY J Pt*V^ ) , (3.46) 

n 

where now := (L^k))^ 1 * z± * ^(K) = ™(K) Za > wnere we denote with (u£,u~)(k) the x L - 

eigenspinors, and 

Si = Hk) £ JTTW ^{t)e^' z t^ . (3.47) 
After one computes the ^-product of the latter with the projectors, the shift (3.44) takes place, but 
the alignment between the spin- frames now sets cos 6 = 1. This has two consequences: 

1. The deformed oscillators S^ K ^ are real- analytic in Y and Z if K = E and > or if K = J 
and a n e2 > (in which case — iO ^ 1). On the other hand, if K = J and c n e2 < 0, then there 
remains a singularity at a distinct t G [0, 1] for all the allowed values of O. Since both the pre- 
factor and the argument of the exponent blow up at this t-value, one may perform the integral 
by means of analytical continuation in the t-independent quantity in the exponent, resulting in 
that is analytic in Y and Z for any x except at a proper subspace of twistor space. Whether 
this is an acceptable solution, and in particular whether there exists a gauge in which spacetime 
gauge fields can be extracted from it, remains to be examined. Finally, if K = iB and K = iP 
then 6 is indefinite and there is a finite region of spacetime in which is real and hence 

is real-analytic in Y and Z. 

2. Lr K \ implements a different gauge choice on the deformed oscillators (and consequently on the 
gauge fields) . The standard gauge choice of the perturbative expansion 13 — the aforementioned 
universal twistor gauge, z a V a = — is disrupted as soon as a non-trivial 1^(k) is introduced, 



12 See Appendix E in [1] for the detailed form of this change of twistor basis implemented by L(k)- 

13 Fixing this gauge leaves the (minimal) bosonic higher-spin algebra f)S 1 (4) (1)5(4)) as residual local symmetry algebra. 
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since the latter rotates any Z a in the master-fields in a -fC-dependent way. While this does 
not affect any consideration based on HS-invariant quantities, it complicates the extraction of 
asymptotic charges — especially in view of the fact that L[k) does not trivialize at the boundary 
of spacetime. Moreover, due to this gauge choice, a precise comparison of our solution based on 
V\(E) with the Didenko-Vasiliev solution [2] still remains an open problem 14 . 

In the simplest spherically-symmetric case {i.e. for the solution based on the ground-state pro- 
jector Vi(E)), the deformed oscillators can be written as 

~ f 1 tit io(t-l) ._ 

Si = + 87^) a* | t {t+1+ _ 1))2 Jft.) . , (3.48) 

where := u a± a a and a a := z a + i{x^"yp + v^y^) coincide with the modified oscillators 15 
of [2], obeying z a *V\(E) = a a Vi(E). Notice that, as anticipated, the internal connection for the 
spherically-symmetric case may only be non-analytic in r = 0, as the form of the Weyl tensors (3.40) 
suggests. 

Once the deformed oscillators have been obtained, the generating functions of the gauge fields 
follows by computing their ^-product as in (3.7). As shown in [1], since the V™ self-replicate under 
^-product, the gauge fields inherit the spacetime behaviour from the deformed oscillators, and are 
therefore regular for generic spacetime points. 

We refer the reader to [1] for the deformed oscillators in the general case and for the explicit form 
of the gauge fields generating functions in the general spherically-symmetric case. 

Classical observables. In order to provide a gauge-invariant characterization of exact solutions 

that remains valid in strong-coupling regions where the weak-field expansion breaks down, it is useful 

to develop a formalism for classical observables. These are functionals of the locally-defined master 

fields and transition functions, that are defined globally in generalized spacetimes carrying various 

higher-spin geometric structures [34]. There are several globally-defined formulations, or phases, of 

the theory, based on different unbroken gauge groups, or structure groups. In what follows, we shall 

mainly focus on zero- form charges, which are observables in the unbroken phase 16 and do not break 

any gauge symmetries. The basic such observables are Wilson loops in commuting sub-manifolds of 

X. These loops can be decorated with insertions of zero-form composites that transform as adjoint 

14 In particular, while (3.40) coincide with the Weyl 0-forms obtained in [2] for the case n = 1 there treated, the deformed 
oscillators in [2] reduce to Za asymptotically, while here (in the spherically-symmetric case) S( K )a — > ^(K)a ~ ^sl K) f° r 
r ->■ oo (see (3.48)). 

15 Note that, due to the appearance of such modified oscillators, even choosing L(x\Z) = 1 the solution would not 
be in the universal twistor gauge. The additional complication that L(x\Z) introduces is that even the asymptotics of 
the spherically-symmetric solution are not in the universal twistor gauge (and reduce to AdSi only on the submanifold 
Z = 0). 

16 See [1, 34] for certain p-form charges that may play an important role in the characterization of solutions. 
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elements [34]. In the case of trivial monodromy, these can be contracted down to a single point X 
resulting in zero-form charges given by the generating function 



X(cr, k, k; A, A) = Tr K *exp+(X a S a + A d 5d) * ($ * £)* fc ★ ($ *£)* fc , (3.49) 

where Ttr is the chiral trace defined by 

Tk4[0(y,Z)] = J^^-^0(Y,Z), (3.50) 

with (y, z) and (y, z) treated as real and independent variables; (a, k, k) are natural numbers defined 
modulo (a, k, k) ~ (a ± 2, A;, k) ~ (cr, A; ± 2, =p 2) ~ (<r ± 1, A; ± 1, =F 1) ; and (A a , A") are commuting 
spinors. The zero-form charges are manifestly higher-spin gauge invariant and hence defined globally 
on any base manifold; it follows that 

dI(a,k,k;X,X) = , (3.51) 

modulo the equations of motion. The trace operation that defines them is also cyclic and independent 
of ordering prescriptions modulo possible boundary terms in twistor space. In what follows, we shall 
mainly be concerned with I(a, k, k) := Z(cr, k, k; 0, 0), and in particular with the supertraces 

1 2N ■= X(l,2iV,0) = Tr R [KR*($*Tr($)y N ] . (3.52) 

Inserting the general expression of the Weyl zero-form (3.37) and using that n y * n y = 1 and the 
orthogonality and idempotency of the projectors, one gets 

12N := Tr*[($ = fr R [($ , *7r(8'))* JV *«^] = E "™ P n\ Y =o >( 3 - 53 ) 

ne(Z+^) 2 

for the axisymmetric projectors and analogously, substituting the double index n with the single 
index n = ±1,±2, ... everywhere, for the symmetry-enhanced projectors V n . From the forms (3.31) 
and (3.35) (equivalently (3.30) and (3.36)) of the projectors it thus follows that 

X 2N {K {+) ,K { _ ) ) = 4 £ (-in+^r, (3.54) 

ne(Z+i)2 

for the axisymmetric solutions based on a given Cartan pair (Kr + \,Kf_\), and 

l 2N (K (q) ) = 4 £ (-ly-Vli^ , (3.55) 

ra=±l,±2,... 

for the symmetry-enhanced ones, where we recall that the relation between (ni,n2) and n is n := 
qni + n 2 . 

Thus, the zero-form invariants 1 2 N extract, in general, a linear combination of powers of the defor- 
mation parameters v n that characterize every solution, and that can be thought of as the eigenvalues 
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of the expansion of the solution on the basis of projectors. For solutions based on a single projector 
(such as, for example, the BPS solution of [2]), these local invariants capture (even powers of) the 
unique deformation parameter sitting in front of the spin-two Weyl tensor as well as of its higher and 
lower-spin partners, formally resembling the ADM mass. 

Interestingly, (3.55) is not divergent for any choice of (finite) deformation parameters, at least 
as long as the examined solution is based on finitely many projectors. This means that, for instance, 
although the rotationally- invariant Weyl curvatures (3.40) asymptotically resemble those of a collection 
of "higher-spin Schwarzschild black holes", the apparent singularity in r = (i.e., in the strong- 
curvature region, where the pure spin-2 curvature invariants are no longer good observables) of the 
individual Weyl tensors does not actually lead to divergent higher-spin invariant zero- form charges 17 . 

We defer the interesting issues of the physical significance and evaluation of other relevant invari- 
ants to a future publication. 

4 Conclusions 

In this paper we have reviewed some properties of six infinite families of exact solutions to Vasiliev's 

four-dimensional higher-spin field equations, as well as the method through which they have been 

obtained. The latter is a combination of the gauge-function method, previously used for other exact 

solutions [21, 22, 18], with an internal Ansatz generalizing that of [2], based on the separation of the 

dependence of the master-fields on Y and Z twistor variables. The resulting solutions are organized in 

three pairs, each pair characterized by a biaxial isometry group so(2) ©so(2) embedded into sp(4;C) 

in three inequivalent ways. One of the families contains a subset of solutions in which one of the two 

so (2) enhances to so (3), while in the remaining families the enhanced symmetry algebra is so (2, 1). In 

all of our solutions, all spins are activated for generic choices of deformation parameters. 

The study of the non-perturbative regime of higher-spin gravity is nowadays of extreme interest 

both in its own right, for uncovering the physics of higher-spin fields, and for its relevance in testing 

the proposed holographic duality [14]. In this sense, it is especially interesting to understand the 

extent to which the singular family Me{E,J) can be thought of as a higher-spin generalization of 

black holes. To this purpose, it is crucial to carry out a more detailed study of whether, for instance, 

their singularities are physical and not a gauge artefact, and whether these solutions possess an event 

horizon. The latter question should in principle be addressed by analyzing the propagation of small 

fluctuations over them. The answers may have important surprises in store, since the deviations from 

Einstein gravity in the strong-curvature region, as discussed above, may be radical, essentially due to 

17 Thc regularity of these observables in r = may be traced back to the formal insensitiveness of the trace operation 
to the choice of ordering prescription. Indeed, at r — the Weyl-ordered symbol of this master-field is a distribution in 
twistor space [1]. However, by moving to normal-ordering the resulting symbol becomes a regular, gaussian function. In 
this sense, the spacetime singularities may be resolved at the level of master-fields living in correspondence space. 
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the non-locality of interactions induced by the unbroken higher-spin symmetry. To probe this region, 
it may be necessary to extend the usual tools of differential geometry to the higher-spin context, since 
standard concepts such as the relativistic interval are not higher-spin invariant. 

We have also reviewed the evaluation of certain zero-form charges [21, 22, 33, 34] on our solutions. 
They are a set of functionals of the zero-form master-fields, defined via the trace of the ^-product 
algebra, that are conserved on the field equations and provide useful instruments for distinguishing 
gauge- inequivalent solutions and for characterizing them physically even in strong-field regions. As 
the non-locality on T of the star-product is mapped via the field equations to spacetime non-locality, 
the zero-form charges hide their higher-derivative nature into the ★-products between master-fields, 
and this facilitates their evaluation. We find that certain zero-form charges involving the spacetime 
curvatures are well-defined on our solutions, and amount to linear combinations of powers of the 
squared deformation parameters /x^, that therefore characterize the various field configurations in a 
gauge-independent way. Interestingly enough, all these invariants are finite everywhere (unless the 
solution under consideration is based on infinitely many projectors and the eigenvalues fi n are not too 
small) . 

The study of exact solutions in higher-spin gravity also prompts us to tackle some crucial issues 
that have remained poorly explored so far: a global description of the solutions (and correspondingly 
adapted choices of gauge functions), the characterization of boundary conditions and superselection 
sectors within the framework of the unfolded equations formulated on correspondence spaces (see [1] 
for more details), the extraction of asymptotic charges and symmetries, and the description of possible 
global degrees of freedom carried by the Z-dependence are but a few. 

Finally, it would also be interesting to extend the Ansatz here presented to Kerr-like solutions and 
to study whether or not it is possible to generalize it to the construction of multi-soliton configurations. 
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